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We have numerically studied the firing synchronization transitions on random thermo-sensitive neuron
networks in dependence on information transmission delay 7, network randomness p, and coupling strength
g. It is found that as 7 is increased the neurons can exhibit transitions from burst synchronization (BS) to
clustering anti-phase synchronization (APS), and further to spike synchronization (SS). It is also found that,
with increasing p or g, there are transitions from spatiotemporal chaos to BS, then to APS, and finally to SS.
However, the APS state with p or g exists only for intermediate 7 values within a narrow range. For 7 values
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Thermo-sensitive neuron network outside this range, the APS state does not appear and the firings change directly from spatiotemporal chaos
Time delay to BS or SS. These results show that, as time delay can do, network topology and coupling strength can also

cause complex synchronization transitions in the neurons. In particular, the novel phenomenon of APS state
with p or g shows that, with the help of appropriate random connections or coupling strength, the neurons
may exhibit the APS behavior at a certain time delay for which the APS does not appear originally. These
findings imply that time delay, network randomness, and coupling strength may have subtle effects on the
firing behaviors on neuronal networks, and thus could play important roles in the information processing in
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neural systems.
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1. Introduction

In the last three decades, the constructive roles of noise have been
extensively studied in different nonlinear dynamical systems [1].
Neurons are noisy elements. Noise arises from both external (e.g.,
synapses) and internal (e.g., channels) sources. The effects of external
and internal noise in the firing dynamics of neurons have been
extensively studied [2-15]. On the other hand, since the information
processing and signal transduction in neurons is fulfilled via coupled
neurons and uncertainty due to stochasticity in biophysical processes
exists in the communication between the neurons, firing dynamics of
random complex neuron networks has received considerable atten-
tion [16-20].

Synchronization phenomena are ubiquitous in nature and play
important roles in various fields such as physics, chemistry, ecology, and
biology. In neuronal systems, synchronous activity is considered to play
important roles in information processing in the brain [21-23], but they
are not desirable for several neurological diseases such as epilepsy and
tremor in Parkinson's disease [24,25]. In recent years, people have
performed extensive study on the firing dynamics of neuronal systems
[26] and found many synchronization phenomena [27-41], such as
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noise-induced synchronization in modified Hodgkin-Huxley neurons
(MHH) [29], chemical synapse-induced bursting synchronization in a
ring neuronal network [30] and two coupled map-based neurons [31],
synchronization in a square lattice noisy neuronal network [32],
maximal spatial synchronization on scale-free networks of Morris—
Lecar neurons at optimal noise intensity and coupling strength [33],
burst-enhanced synchronization in an array of noisy coupled MHH
neurons [34], synchronization in a large ensemble of MHH neurons with
gap junctions [35], and synchronization on small-world networks of
neurons [17,36-39]. Recently, transitions of firing behaviors in neuronal
systems have attracted growing attention, and the transition from
spatiotemporal chaos to bursting synchronization (BS) with increasing
coupling strength in Hindmarsh-Rose neuron networks [40] and the
transitions between various synchronization states under different
coupling strengths and external currents in two electrically-coupled
MHH neurons [41] have been observed.

In neuronal systems, time delays are inherent because of both finite
propagation velocities in the conduction of signals along neurites and
delays in the synaptic transmission [42]. In recent years, the effects of time
delay on the firing dynamics of neuronal systems have been intensively
studied. People have found that time delays can facilitate and improve
neuronal synchronization [43-45], destabilize synchronous states and
induce near-regular wave states [46], induce various spatiotemporal
patterns [47] and multiple stochastic resonances [48], and enhance the
coherence of spiral waves [49]. In addition, time delays have subtle roles in
the synchronization transitions on neuronal networks. It is found that
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time delays can induce the transitions between in-phase and anti-phase
synchronizations in two coupled fast-spiking neurons [50], the transitions
from zigzag fronts to clustering anti-phase synchronization and further to
regular in-phase synchronization on small-world neuronal networks of
the Rulkov map [51], and can intermittently induce the synchronization
transitions on scale-free neuronal networks [52].

In this paper, we study the effect of time delay 7, topological
randomness p, and coupling strength g in the wave formation and
spatial synchronization in noisy chaotic MHH neuron networks.
Complex synchronization transition with changing 7, p or g has been
found. In particular, anti-phase synchronization has been observed in
the transitions with changing p or g. This result reveals novel
significance of p and g for the firing behaviors in the neurons.

2. Model and equations

The MHH model was proposed by Braun et al. [53] and has been
used for describing thermo-sensitive neurons. The model can produce
fruitful firing patterns that can be observed in electro-receptors like
dogfish [54], catfish [55], and facial cold receptors of rat [56]. These
neurons can be characterized by spontaneous and noisy oscillations
that are reflected in spike or burst trains.

The random neuronal network herein is constructed as follows
[17,37]: We start with a one-dimensional regular chain which
comprises N=60 identical chaotic MHH neurons with each one
being connected to its two nearest neighbors. Links are then randomly
added between non-nearest vertices. In the limit case, all neurons are
coupled to each other and the network contains N(N—1)/2 edges.
Using M to denote the number of added shortcuts, hence the fraction
of the shortcuts is given by p=M/[N(N — 1) /2], which can be used to
characterize the randomness of the network. In Fig. 1, the schematic
presentations of the networks with p=0 and p=0.11 are displayed.
Please note that for a given p there are a lot of network realizations.

In the presence of time delay, the membrane potential of each
neuron in the coupled neurons is given by

dav:
CMd_t' = —Ina—lix—lisa—lisa—1n + ;gij[vj(t_T)_Vj] + DE(t), (1)

where Cy is the membrane capacitance, §;(t) denotes the noise in
each neuron, and >_g;[V;(t—7)—V;] represents the coupling between
two neurons. The Currents consist of five terms and fall into three
groups. The first two, iy, and Ik, are the fast sodium and potassium
currents that generate the action potentials,

Iina = P&NaNa(Vi—Vna), (2)

Iix = pgrax(Vi—Vk), 3)

(@) (b)

Fig. 1. Schematic presentation of the network with N=10 neurons. (a) Regular ring
(p=0). (b) Random network (p~0.11).

where the g's are the conductances and the a's contain the switching
characteristics of the channels. In the steady state

1
1T+ exp[—0.25(V; + 25)]° @)

UNao = Ko =

The sodium and potassium currents relax exponentially

daNa — d) _

dt - Tha (aNa,°° aNa)= (5)
dagy & _

dar = ?K(al(.w ay). (6)

The dimensionless factors p and ¢ contain the temperature
dependence

p=137T"T/10 7)
& = 3.0 T)/10 8)

where the reference temperature is To =25 °C. The next two currents
in Eq. (1) describe the slow currents that are given by

lisg = P8sasa(Vi—Vsa), 9)
lisa = P8salsa(Vi—Vsa), (10)

where the indices sd and sa stand for “slow depolarization” and “slow
after hyperpolarization.” They are resumed to relax according to

dasd _ d) _

dt —T—Sd(asd.m Osq), (11)
da

0 = (k). (12)

where 1=0.012 pA, k=0.17, and

1
sde = T 1 exp|—0.09(V, + 40)]’

(13)

The temperature dependence is controlled by the same factors p
and ¢ as above. Finally, the leak current I;; is given as

Iy = g (Vi—V. (14)

The values of parameters that appear in the above equations are
listed in Table 1.

In the coupling term 2_g;[Vi(t—T)—Vi], V; is the membrane
potential of the i-th neuron at time t, Vi(t—) is the membrane
potential of the j-th neuron at earlier time t —7, where 7 is the time
delay; 1<(ij) <N, and the summation takes over all neurons; g; is a
coupling constant between the two neurons i and j, which is

Table 1
Values of parameters used in the model.

Membrane capacitance Cy = 1 pF/cm?

Conductances (mS/cm?)

gna=1.5 g«=2.0
8sd = 0.25 8sa= 0.4
g=0.1
Time constants (ms)
Tna=0.05 Tk=2.0
Tsa=10 Tsa=20
Reversal potentials (mV)
VNa=Vsa =50 Vk=Vsa=—90
Vi=—60
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determined by the coupling pattern of the system and is identical for
any two neurons, i.e., g;=g. If neurons i and j are connected, they
have a constant coupling strength g; otherwise g=0.

The MHH neuron model is temperature-dependent and can
exhibit distinct dynamical behaviors with the change of the
temperature. It behaves like regular spikes (T<7.31 °C), chaotic bursts
(7.31°C<T<10 °C), and regular bursts (T>10 °C) [57]. To study the
effects of time delay, topological randomness, and coupling strength
on wave formation and spatial synchronization for chaotic firings on
the neuronal networks, we fix the temperature T=38.2 °C, such that
the system is located in a chaotic region and hence each neuron fires
chaotic bursts. Noises §;(t) are Gaussian white ones with (§;(t))=0
and (§;(t)§;(t')) = Dé;6(t —t'), where D is the noise intensity.

Numerical integration of Eq. (1) is carried out by using the explicit
Euler method with time step 0.01 ms. Periodic boundary conditions
are employed and the parameter values for all the neurons are
identical except for distinct initial values of potential V;y and the noise
terms §;(t) for each neuron.

3. Result and discussion

Firstly, we investigate how the time delay 7 affects the firing
behavior. The noise intensity is fixed at D=0.01 throughout this
paper. We fix the coupling strength g=0.02. For each 7, the average
over 50 calculations (i.e., 50 realizations of networks) is performed,
and in each calculation the initial values of 60 neurons' membrane
potentials are chosen randomly. Fig. 2 displays the spatiotemporal
evolution for different values of 7 at p=0.2. In the absence of time
delay, i.e., =0, all the neurons exhibit BS behavior; with increasing
7, the BS begins to be deteriorated (e.g., 7=20); when 7 is increased
to 7=25, alternative layer waves are present and excitatory spikes
alternatively appear among nearby clusters in space as the temporal
dynamics evolves; as 7 is further increased, SS patterns appear (e.g.,
7=100). The local enlargement for 7=25 in Fig. 2 is displayed in
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Fig. 3(a), where the APS clearly appears among the nearby clusters.
For a clearer presentation of this phenomenon, the time series of two
nearest neurons (e.g., i=24 and j=25) is also plotted in Fig. 3(b),
where synchronization transitions from BS to APS and further to SS
are clearly shown (from top to bottom). The transition from BS to SS
shows that more spikes are fired and, accordingly, the firing frequency
is increased. This phenomenon can be explained by the mechanism
that the time delay can introduce phase slips, and hence zigzag fronts
as well as alternative layer waves can appear.

To quantitatively characterize the behavior, we introduce the
standard deviation o to measure the degree of spatial synchroniza-
tion, which is defined as

o = [(o(t))], (15)
with

14 14X 2
o(t) = [Ni; Vi(t)2_<Ni¥] Vi(t)> } / (N—1), (16)

where (-) denotes the average over time and [-] the average over 50
different network realizations for each p. The value of o(t) measures
the spatial synchronization of the neurons' spikes at a fixed time t.
Smaller o denotes more synchronization of the firings in the neurons.

The standard deviation o vs. 7 for different p at g=0.02 is
displayed in Fig. 4. It is seen that as 7 is increased, o initially increases,
then passes through a maximum, and finally monotonously deceases,
which implies that BS is deteriorated first, then APS occurs, and finally
the neurons exhibit SS behavior. For larger p, the T value where the
peak for APS shifts to smaller, which shows that the more complex the
network is, the shorter is the time delay for inducing the occurrence of
APS.

In Fig. 5 we plot o vs. 7 for different g at p=0.1. It is seen that for
each g, o first increases, then passes through a maximum, and finally
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Fig. 2. Spatiotemporal evolution of membrane potentials of 60 coupled neurons on networks for different 7 when g=0.02 and p =0.2. Synchronization transitions from BS to APS
and further to SS are observed. In all panels, the abscissa represents the neurons and the ordinate represents the time changing from top to bottom. The bright regions show the

firing, while the dark ones show the quiescence of neurons.
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Fig. 3. (a) Inset for 7=25 in Fig. 2. It clearly shows cluster anti-phase synchronization. (b) Time series of membrane potentials of two nearest neurons (i =24 and j = 25), where APS

state can be clearly observed at 7=25. Note that time scales in panel (b) are different.

monotonously decreases with increasing 7, which indicates the
deterioration of BS, then the transition from BS to APS and finally to
SS. For a larger g, the 7 value where the APS occurs shifts to smaller,
which means that the stronger the coupling is, the shorter is the time
delay for inducing APS. From Figs. 4 and 5 one can see that the
network randomness p and the coupling strength g have the same
effects for the synchronization transitions as the time delay 7.
Secondly, we investigate the effect of network randomness p. The
firing patterns for p=0, 0.15, 0.33, and 0.7 at g=0.02 and 7= 20 are
displayed in Fig. 6, where four different types of firing patterns are
clearly presented. At p=0 (regular ring) the firings are chaotic. As p is
increased to p=0.15 the neurons display BS pattern, and for larger p
to p=0.33, the APS state is reached. However, as p is further
increased, e.g., p=0.7, the firings turn into SS. Fig. 7 plots the
evolution of o as a function of p for different 7 at g=0.02. It is
seen that as p is increased, o first passes through a minimum, then
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Fig. 4. Dependence of o on T for different p at g=0.02. For each p, o initially increases
and passes through a peak, and then monotonously decreases with increasing T,
characterizing the transitions from BS to APS and then to SS. For larger p, the 7 value
where the APS occurs shifts to smaller.

increases and goes through a peak, and finally deceases monotonous-
ly, which indicates the transitions from spatiotemporal chaos to BS at
first, then to APS, and finally to SS. This evolution quantitatively
characterizes the synchronization transitions with changing network
randomness p. For larger 7, the p values for BS and APS shift to
smaller, indicating that when time delay is longer, BS and APS will
occur at a simpler network structure. However, these transitions only
occur within a narrow interval of 7=20-50. When 7 value is out of
this range (e.g., 7=10 and 7=100) o decreases monotonously with
increasing p, indicating that there is no APS appearing. Detailed
investigations showed that the firings turn directly from spatiotem-
poral chaos to BS (e.g., 7=10) or to SS (e.g., T=100) (not shown).
This result means that the occurrence of APS with changing p strongly
depends on the value of time delay 7. The novel phenomenon of the
occurrence of APS with changing p shows that the appropriate
network randomness p can also evoke the APS in firings of the
neurons, as the time delay does.

Fig. 5. Dependence of o on 7 for different g at p=0.1. The evolution of o with
increasing 7 for different g is similar to that for different p in Fig. 4.
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Fig. 6. Spatiotemporal evolution of membrane potentials for p=0, 0.15, 0.33, and 0.7 at g=0.02 and 7= 20. As p is increased, the neurons exhibit transitions from spatiotemporal

chaos to BS, then to APS, and finally to SS.

Finally, we inspect the impact of coupling strength g. The spatio-
temporal patterns for g=0, 0.04, 0.08, and 0.2 at p=0.1 and 7=15
are presented in Fig. 8. It is seen that the synchronization transitions
are quite similar to the transitions with changing p. At g=0, the
firings are chaotic. As g is increased, the neurons exhibit transitions
from spatiotemporal chaos to BS, then to APS, and finally to SS. Fig. 9
presents o vs. g for different 7 at p=0.1. For intermediate 7, 0 passes
through a minimum first and then increases and undergoes a
maximum followed by a monotonous decrease as g is increased,
representing the transitions from spatiotemporal chaos to BS, then to

12 |

Fig. 7. Dependence of o on p for different 7 at g=0.02. For intermediate 7 values
(20<7<50), o passes first through a minimum and then through a maximum, and
finally decreases monotonously with increasing p, indicating transitions from
spatiotemporal chaos to BS, then to APS, and finally to SS. But for T values outside
the range, e.g, =10 or T=100, o decreases monotonously with increasing p,
indicating that there is no APS state and the firings change directly from spatiotemporal
chaos to BS at 7=10 or to SS at 7=100.

APS, and finally to SS. For larger 7, the value of g for the APS shifts to
smaller. However, the occurrence of the APS with changing g only
exists within a narrow interval of 7= 15-40, which means that the
occurrence of the APS with changing coupling strength depends
strongly on the value of time delay. This result shows that, the
coupling strength can also induce complex synchronization transi-
tions, especially, the APS in the neurons.

The above results show that the network topology and coupling
strength can also lead to the complex synchronization transitions, in
particular, to the APS state on the neuronal networks as the time delay
does [51]. These novel phenomena provide us novel mechanisms for
the synchronization transitions and the APS state in the neurons, and
thus would help us more completely understand the roles of these
parameters in the firing activity of the neurons. It is commonly
assumed that time delays induce APS behavior by introducing phase
slips, and hence zigzag fronts as well as alternative layer waves can
appear that supplement the noise-induced excitations [51]. The p or
g-induced APS behavior leads us to a conclusion that random
connections or coupling strength has a function like phase slips and
can help the neuron firings reach the APS behavior by adjusting phase
slips. These results allow us to understand the origin of diversity of
synchronous dynamical states observed in large neuronal networks,
and may help us understand various synchronization phenomena
among distant neurons and the information processing within the
brain.

It is worth saying that the firing transitions on a network must be
closely related to the network structure itself. The firing transitions
observed in the present Newman-Watts network model (k=2)
might not appear in other types of networks. For instance, the APS
behavior was not observed in the firing transitions with rewiring
probability p in the Watts-Strogatz small-world network model
based on the Rulkov map (k=4) [51]. This qualitative difference may
be a consequence of different initial connectivities of neurons and
different network topologies for the Watts-Strogatz and the presently
used small-world network.
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Fig. 8. Space-time plot of membrane potentials of the neurons for g=0, 0.04, 0.08, and 0.2 at p=0.1 and 7=15. As g is increased, there are transitions from spatiotemporal chaos to

BS, then to APS, and finally to SS.

4. Conclusion

We have investigated the effects of time delay 7, topological
randomness p, and coupling strength g on synchronization transitions
in chaotic MHH neurons on random networks. We found that the
neurons exhibit transitions from BS to APS and finally to SS as 7 is
increased. With increasing p or g, there are transitions from
spatiotemporal chaos to BS, then to APS, and finally to SS. However,
the APS with changing p or g only occurs within a narrow interval of T
values. For 7 values outside this range, the APS behavior does not
appear and the firings change directly from spatiotemporal chaos to
BS or SS at small or large 7. This shows that p or g-induced APS
behavior depends strongly on the time delay, and the APS may appear
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Fig. 9. Dependence of o on g for different 7 at p=0.1. The evolution of o with
increasing g is very similar to that with increasing p in Fig. 7, and the APS state only
exists within a narrow range of 7=15-40.

by the help of random connections or coupling strength at a time
delay for which the APS does not occur originally.

Bursting and spiking are two types of firings in neurons, and BS
and SS have already been found in real neural systems. Previous
studies have shown that slow oscillations (f<1 Hz) observed in the
electroencephalographic recordings of naturally sleeping humans and
other mammals are considered to be the result of the BS of billions of
neurons in the brain [58,59], while SS, which can be observed in motor
cortical neurons [60,61] may facilitate the cortical organization of
cognitive motor processes. These facts represent that various types of
firing synchronizations have different effects in the information
processing in the brain. Therefore, our findings may provide a new
insight into the roles of the time delay, in particular, the topological
randomness and coupling strength in firing synchronizations and
their transitions in biological systems.
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